develops lower bounds for the maximum distance of the parallel hyperplanes generated by the vectors of nonsuccessive random numbers (RNs) obtained from multiple recursive generators (MRGs). In this paper, a stronger bound, twice that obtained by L'Ecuyer, is derived. For kth-order MRGs with fewer than k terms in the recursive relationship, much stronger bounds are found. Large distance implies bad lattice structure. In designing RN generators, this factor should be taken into consideration.
INTRODUCTION
One promising type of random number (RN) generator recommended by many scholars is the multiple recursive generator (MRG) of the form [1, 2] R, = (alR,_r +azR,_z +...+akR,_k)modm,
where m and k are positive integers, and the multipliers aj, j = 1, . . . , k, and the seeds Rj, j=o , . . . , k -1, belong to 2, = (0, 1, . . . , m -l}, but are not all zero, respectively. When the modulus m and the multipliers ajs are chosen properly [l-5] , the RNs produced will have good lattice structure and sound statistical properties. The very common prime modulus multiplicative congruential generator is a special case of MRG. An ideal RN generator should have good lattice structure [l] . Coveyou and MacPherson [6] and Marsaglia [7] find that the vectors of successive RNs produced by a linear congruential generator in any dimension have a lattice structure.
Another property found by Kao and Tang [8] is that the chi-square statistics calculated from different segments of the sequence of full-period RNs in testing uniformity have symmetry property. Consider a sequence of full-period RNs {&, n > 0) produced from equation (1) . Let L~={(&&+1 ,...I &+t-1)In20, @cl,..., Rk-l)EZ&}+mZ& (2) be the set of all overlapping t-tuples of successive RNs and the periodic continuations. The lattice structure involves that the points of Lf,, lie in parallel hyperplanes of equal distance, and the reciprocal length of any vector in 2k is the distance between the successive hyperplanes in dimension t. The spectral test introduced by Coveyou and MacPherson [6] essentially determines the maximum distance between adjacent hyperplanes.
Smaller values of the maximum distance imply smaller empty slices in Lh and thus are favored. For MRGs of order k with some ajs which are zero, Kao and Tang [lo] find that the RNs generated have bad lattice structures.
In other words, the maximum distance is relatively wide.
L 'Ecuyer [ll] investigates a case where the vectors are composed of nonsuccessive RNs. The lattice structures for those vectors are also bad. A lower bound for the maximum distance is provided. In this paper, we continue the study of L'Ecuyer [ll] . By constructing the basis vl, and dual basis Wj in a different way, we are able to derive stronger bounds for the maximum distance for different cases. Let {R+,,, n 1 0) denote the sequence obtained from equation (1) 
LACUNARY INDICES AND LATTICE BASES
L
GENERAL LOWER BOUNDS ON ,+(I)
For m prime or I containing all the indices ij such that ak-i, # 0, L'Ecuyer [ll] develops a lower bound for Lt(I) as According to equation (3), a lower bound for 8(l) is obtained as described by the following proposition. 
This bound is twice the bound derived by L'Ecuyer [ll].
The above result can be extended to the more general cases that m is not prime and I does not contain all the indices such that U&i, # 0. 
MRGS WITH SOME ZERO MULTIPLIERS
In (l), computing (aJZ+i mod m) accounts for most of the computation time. Obviously, MRGs with fewer terms in the recursive relationship are desirable from the viewpoint of computation efficiency. Suppose m is prime. The simplest MRG of order k which is able to produce RNs of full period (m -1)" has two nonzero multipliers a,. and ak, The lattice structure generated from this basis is the same as that produced by R, = (cz,.~_~ + akR,_(,_1)) mod m in t-dimensional hypercube. Kao and Tang [lo] have proved that the lower bound on dt for this RN generator in dimension t is the same as that of R,, = (arRn_l +QR,_~) mod m in dimension 3. According to Cassels [13), the bound is l/m for t 5 2 and m-2/32-1/6 for 2 <t 5 k+l.
In a similar manner, the bases for the case of I2 which does not contain k -r can be derived as vi = eict)/m and Wi = meict), i = 1, . . . , t. The bound dt(12) = l/m thus follows. I
For the case that k-r is included in the lacunary index set, the bound obtained by L'Ecuyer [11] is l/(m21i2) whereas the bound in Proposition 3 is m-2/32-1/6. The ratio is (2m)1/3; a much stronger bound is obtained. 
CONCLUSION
L'Ecuyer [ll] discusses the lattice structure for vectors of nonsuccessive RNs produced by MRG and develops a bound for the maximum distance of the parallel hyperplanes on which the points of the lattice lie. In this paper, a stronger bound, which is twice that derived in [ll] , is found. When some of the multipliers in the MRG are zero, much stronger bounds are obtained.
To pursue efficiency in generating RNs, effort has been made on selecting fewer terms in the kth-order recursive relationship and smaller values of the multipliers. The studies of Kao and Tang [lo], L'Ecuyer [ll] , and this paper find that the lattice structures of the RNs produced from the associated RN generators become worse. In designing RN generators, this factor should also be taken into consideration.
